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Abstract 

We give a notation of Krichever-Novikov vertex algebras on compact Riemann surfaces which 
is a bit weaker, but quite similar to vertex algebras. As example, we construct Krichever-Novikov 
vertex algebras of generalized Heisenberg algebras on arbitrary compact Riemann surfaces, 
which are reduced to be Heisenberg vertex algebra when restricted on Riemann spheres. 


1 Introduction 


Vertex operator algebras are a class of algebras, whose structures arose naturally from vertex operator 
constructions of representations of affine Lie algebras and in the work of Frenkel-Lepowsky-Meurman 
and Borcherds on the “moonshine module” for the Monster finite simple group [B E] 0 [S] Uni- They 
are (rigorous) mathematical counterparts of chiral algebras in 2-dimensional conformal field theory in 
physics. A vertex algebra consists in principle of a state-field correspondence V —>■ End (V) [ [z, z~^] ] 
that maps any element a to a field Y (a, z) = with a„ S End {V) which satisfies vacuum 

axiom, translation axiom and locality axiom. Typical examples of vertex algebras are the Heisenberg 
vertex algebra, affine Kac-Moody vertex algebra and lattice vertex algebra. 

The goal of the present paper is the construction, as we hope, of regular analogue of vertex 
algebras, connected with Riemann surfaces of genus g > 0. It’s not surprising that the space 
End [V) [[z, z~^]] should be replaced by a certain space which encodes the geometry of the Riemann 
surface. We consider its important subspace-the associative algebra C [z, z“^] of Laurent polynomi¬ 


als firstly. According to the view of Krichever and Novikov m, m [iH], m), if we identify it with 
the algebra of meromorphic functions on Riemann sphere which are holomorphic outside zero and 
infinite, then it is easily generalized on higher genus Riemann surfaces to the associative algebra of 
meromorphic functions which are holomorphic outside two distinguished points. m cited that the 
new associative algebra has a basis {A„ (P) \n G Z'} by Riemann-Roch theorem, where Z' takes the 
integer set or half-integer set depending on whether the genus g is even or odd. If we define {A (P))” 
by A„_|_ I (P), then it is the space C A (P), A (P)~^ which is the extension of the algebra of Lau¬ 
rent polynomials. Hence, the space End{V) [ z, z“^]] is naturally extended on any higher genus 


Riemann surface to End {V) A (P), A (P) 


\-i 


in which elements are the form (T*)) 


*Email: dinglu@amss.ac.cn 
^Email: wsk@amss.ac.cn 


1 









or J2nGZ' (P) ■ Obviously, the axioms in vertex algebras need to be reformulated in a suitable 

way as well. Here, we consider the locality axiom only. Note that the locality axiom 

{z - w)^ [F (a, z) , Y {b, u;)] = 0, > 0 

is equivalent to 

(z” - [r (a, z) , Y (6, w)] = 0, Vn e Z, TV » 0. 

As explained above, on a Reimann surface, the status of z" can be replaced by some meromorphic 
function (P) ■ Then the locality axiom of KN vertex algebra is reformulated as 

[A„ (P) - (g)]"^ [y (a, P), y (&, g)] = o, Vm g z', tv > o. 

Analogously, the derivative, the function and distance function are reformulated as Lie 

derivative, Szegd kernel and the function defined by the level line respectively. 

Using the data above, we can give the extention of the vertex algebra which is called the 
Krichever-Novikov vertex algebra with respect to a compact Riemann surface and the two dis¬ 
tinguished points in general positions. For briefly, we also call it the KN vertex algebra if no 
confusion. 

As examples of KN vertex algebras, we construct KN vertex algebras of generalized Heisen¬ 
berg algebras on compact Reimann surfaces. When restricted on Riemann spheres, they are the 
Heisenberg vertex algebras. 

The paper is organized as follows. Section 2 gives a brief reviews of KN basis and results needed 
later in order to make this paper self-contained. Section 3 sets up the notations and gives the 
definition of vertex algebras on compact Riemann surfaces. In section 4, we construct the Heisenberg 
vertex algebras on Riemann surfaces. Also, we introduce the Szegd kernel and the Level line used to 
prove the data we constructed satisfy the axioms of a vertex algebra on a Riemann surface. In the 
last section, we will see that the generalized Heisenberg vertex algebras on Riemann surfaces with 
genus zero is the usual Heisenberg vertex algebra. 

In the forthcoming papers, Kac-Moody KN vertex algebra and Virasoro KN vertex algebra on 
a Riemann surface will be given. And the structures of KN vertex operator algebras on Riemann 
surfaces will be discussed later. 


2 Notation 

In this section, we recall some results on Riemann surfaces, and then reduce some results which are 
needed later. 

2.1 Krichever-Novikov bases 

Let Ad be a compact Riemann surface of genus g, 5+, S- two distinguished points in general position. 

The KN bases [16] [17] [18] are certain bases for the spaces of meromorphic tensors of weight A 
on the Riemann surface A4 which are holomorphic outside and S-. 

For integer A ^ 0,1 and g > 1, the Riemann-Roch theorem guarantees the existence and unique¬ 
ness of meromorphic tensors of conformal weight A which are holomorphic outside and S -, and 
have the following behavior in a neighborhood of 5'+ and S-: 

An (ZA = (1+0 (Z±)) (dz±f , (1) 

where sa = | — A (5 — 1), (pA — l^ An Here (dz±)^ means lor A < 0, z+ and z_ 

are local coordinates at small neighborhoods of S+ and S- respectively which satisfy z+ (S'+) = 0 
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and z_ {S-) = 0. The index n in Eq. ([T]) takes either integer or half-integer values depending on 
whether g is even or odd. 

For A = 0, the behavior is modified with respect to Eq. © . Lst ^71, ^ ^ I 5 b 6 tliG imiQiiG 

function which has the Laurent expansion in a neighborhood of S±: 

Aniz±) = {l + 0{z±)), (2) 

where = 1, a~ is some nonzero complex number. As before, n is integer or half-integer depending 
on the parity of g. For n = —— 1 we take the function with the following behavior!!! 

An{z+) = a+zl~^ {l + 0{z+)) (3) 

Aniz-) = a~z_'^ " ^(l-bO(z-)), 

where are required as before. For n = ^, choose Aa = 1. 

For A = 1, we take the basis of one-forms as follows: in the range |n| > f -I- 1, w" = fi,-n with 
fi^-n given by ([T|) ; for n = — | — 1 , those is specified by the local series 

{l + 0{z+))dz+ (4) 

a;”(z_) = {l + 0{z-))dz-, 

Here, choose = 1 to fix and take as the Abelian differential of the third kind with simple 
poles in S± and residues ±1, normalized in such a way that its periods over all cycles be purely 
imaginary. 

In the case g = 1, the existence of a nonzero holomorphic one-form ^ with ^ (z+) = (1 -|- o (z+)) dz+ 
enables us to construct a series of A—forms which are holomorphioc outside S± by zero-forms: 

fx,n = 

where the A„’s are defined by Equations ([5]) and ([2]). 

For g = 0, when the compact Riemann surface is the ordinary completion of the complex plane, 
and S± are the points z = 0 and z = 00 , then the functions A„ concide with z”, the generators of 
the Laurent basis, and />,« (z) = z"“^ (dz) for X £ Z. 

Let /o,ra = An, /i,n = and Z' = Z -\-On any compact Riemann surface, by Riemann-Rock 
theorem, {f\^n\n £ Z'} makes up of a basis of which is called the Krichever-Novikov basis (KN 
basis) with weight A ([TB] — [IH]) ■ 

Since all small cycles are homologous around 5”+ ( respectively, S-) and w-ry is holomorphic away 
from 5'+ and S- for any to £ g £ then the integral around the two points doesn’t depend 

on the choice of cycles. Hence, we can define residue operator by integral as follows. 

Definition 1 

Ress±: X ^ C 

where Cs_^ (cs_) is a cycle homologous to a small cocycle around the points S+ {S-). 

For simplicity, we denote Ress^ by Res if there is no confusion. Define /" by /a.-w with n £ Z', 
hy 1 if n = m and 0 otherwise as usual. By direct calculus, we have the following important 
proposition. 

Proposition 2 Res [fx,n {P) /i™ A (P)] = dn, where n,m £ Z'. 
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2.2 Lie derivative 

Definition 3 Define Lie derivative of a tensor field g (P) with respect to a tangent verctor field 
C (P) locally as 

Vc(p)<?(-P) lc/(P) : i9{z)dz^) 

(/■/\dg{z) dC (z)\ A 

^ V ^ ’ 

where z is a local coordinate of the neighborhood U (P) with P G M. 

Definition 4 Denote f_i 3 g ^ (P) by e 3g ^or e ifP ) 5 and \/egg (-^) ■ Let be the cou 

pling of 1-form and tangent vector field. 

Lemma 5 If g (P) G then 

1. V(g(P),e(P)) = (Vg(P),e(P)); 

Vg(P)=d(g(P),e(P)). 

Proposition 6 Vw" (P) = Y.m&z> where C = -Res (P), (P)^ (P)) . 

Proof. By the second part of Lemma [5] and Proposition [21 we have 

c = Pes(Vcc"(P)A™(P)) 

= Res{d{uj^{P),e{P))Am{P)) 

= Res {d [(cc" (P), e (P)) (P)] - {w" (P), e (P)) dA^ (P)). 


Note that the first term is zero, we complete the proof. ■ 
Lemma 7 For any n G Z', ,u^_, CiC, ’'' 


1. (—n + I — 1 ) • • • (—n + I — fc) , ifuk=n-\-k; 

2. 0, if Uk > n k; 

3. 0, i/n = I — fc, • • • , I — 1. 

Proof. By the part (1) of Lemma|S]and Propostion [51 we have 

{iv- (P), e (P)) = CuAul • • • ar (^) > e (P)), 


Here, and henceforth, repeated indices are summed in the interger or half-integer set depending on 
the parity of the genus of the Riemian surface. From Section 12.11 we know the equation above has 
the following local behaviour near the point 5”+ 


(1 + o(z)) 


dz 


,-n+f- 


i(l + o(z)) 


= £ 
Sui S' 


Ui 

U2 


[l + o(z)]. 


That is, 

(_„ + I _ 1) . . . + I _ fc) ,-nH-^-k ^ ^ ^ + ^ ^ ^ 

Compare the coefHents of z*” of the two sides of the above equation, we can get the result. ■ 
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2.3 Szego kernel, Level line and formal delta function 

Here, we introduce Szego kernel, level line briefly [1]. By the data, we construct and research on 
formal delta functions on compact Riemann surfaces. 

Let A4 he a compact Riemann surface with genus g, 5'+ and S- are distinct points in general 
position. 

Definition 8 Define the Szego kernel by S {P, Q) = e(pq)e\1^p+)0{u)0(p^^+~^u) ’ '>^here E (P, Q) is 
the Schottky-Klein prime form, u = gP- — P+ — A. 


S (P, Q) is a holomorphic (0,1) form outside P = Q on M x M. In a neighborhood of P = 


S {P, Q) \u(P=Q) 


z{P) - z{Q) L 


1 + o(z (P) - z (Q))^ dz{Q). 


Suppose p is the unique differential of the third kind with pure imaginary periods, that is, p has 
poles of order 1 at S±, Ress±p = ±1, and has purely imaginary period. Let Pg be an arbitrary 
reference point on A4 different from S±. The contours Cr are defined as the level lines of the function, 
i.e. ^ 

Cr = {P € M\Re I p = r}. 

JPo 

For r —>■ ±oo, the contours become small circles around Szp. 

For 5 = 0, the Szego kernel is S (z, w) = j^dw, the level lines defined by Re fp^ ^dz are circles 
around the origin in the complex plane, where Pg G C\{0}. In the regions of r (z) > r (w) and r (u>) > 
T (z) , the Szego kernel has expansions T,n<oz'^w~^~^dw and —T,n>oz^w~^~^dw respectively. Their 
minus is dw which is similar to the formal delta function <5 {z,w) = . 

For higher genus Riemann surfaces, we hope to get the formal delta functions using the similar 
way. Denote the expansion of S (P, Q) in r (Q) > r (P) and r (P) > r {Q) by ig^pS (P, Q) and 
ip,QS {P,Q) respectively. In [T2]-[TH] and [53], we know 


ip,qSi (P, Q) = ^ (P) cc" (Q) , tQ,pSi (P, Q) = - ^ (P) cc" (Q). (5) 

n<-| 

Denote their minus by A (P, Q). Clearly, A (P, Q) = J2nez> (Q) ■ formal 

delta function on the Riemann surface not only because the way of its construction is similar to the 
formal delta function <5 (z, w)’s, but also it has the complete analogous property of delta function. 

Proposition 9 /// G P°,5 G then 


ResQ=s^ (A (P, Q) f (Q)) = / (P), ResQ=s+ (A (P, Q) g (P)) =g{Q). 

Proof. It’s easy to prove by Proposition!^ ■ 

Recall in vertex algebras, the following properties of the formal delta function is very useful in 
proving the locality axiom 

d,Siz,w) = -druS{z,w), {z^-w'^)^d^+^S{z,w) = 0. ( 6 ) 


From the below Propositions, we know, as we hope, the formal delta function on the Riemann surface 
also has the analogous properties in which dz and z” are replaced by Vp and (P) respectively. 

Proposition 10 Vp A (P, Q) = —Vq A (P, Q). 
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Proof. By Proposition^ (P) = (P), VA„ (P) = (P), where C” = Pes (Vw” (P) (P)), 

77 ” = Res (VA„ (P) w” (P)). Note that Res [V (A„ (P) w" (P))] = 0, then C" = -t?”. Hence 

Vp A (P, Q) = [VH„ (P)] cc” (Q) = (P) (Q) = (P) a;” (Q) 

= -A^(P)Vuj^(Q) = -VqA(P,Q). 


Proposition 11 [A^ (P) — (Q)] A (P, Q) = 0 wit/i u G Z'. 


Proof. Since (P) ■ (P) e P° and (P) | n G Z'} is a basis of P°, we can suppose that 

H„(P)H„(P)= ^ ar„^™(P), 

mGZ' 

where G C. Note that Res (Am (P) (P)) = <5^, we get a™„ = Pes (P) (P) w™ (P)]. 

Using the same method, we have 


Au(Q)u;- {Q)=alm^^ (Q). 

Hence 

[A (P)-A^ (Q)]A(P,Q) 

= [H,(P)-H„(Q)]H„(P)a;’^(Q) 

= [Au (P) (P)] (Q) - A„ (P) [H„ (Q) w" (Q)] 

= aZAm (P) CO- (Q) - (P) almco-^ (Q) = 0- 


Differentiating the formula in the above proposition with resepct to P, and multiplying the result 
by (Au (P) - Au (Q)) , we obtain 

[A^iP)-AuiQfdpA{P,Q) = 0, (7) 

where dp A (P, Q) means d (H„ (P)) oj- (Q). 

Theorem 12 For any u G Z',m,n G Z+, (P) — (V™VgdpA (P, Q)) = 0 on 

MxM. 

Proof. By Eq. 0 we assume it’s true when m + n = N with N G Z+. We will prove the theorem 
by induction. When m + n = iV + 1, there exists a pair of non-negative integers {M,N) such that 
(m, n) = (M + 1, N) or (M, TV + 1). We only prove the theorem for the first case, the other case can 
be got by the complete way. Note that [Au (P) — VgdpA (P, Q)) is equal to 

Vp ([H, (P) - Au VffV^dpA (P, Q)) - (Vp (P) - Au V^dpA (P, Q). 

By our inductive assumption, the first term is zero. The second term is 

-(M + N + 3) VpAu (P) [H„ (P) - Au (Q)]^+^+^ Vf V^dp A (P, Q ). 

Using our inductive assumption again, we got the result. ■ 
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3 KN vertex algebras on compact Riemann surfaces 

3.1 KN Fields and derivatives 

Recall in a vertex algebra, a formal series a(z) = ^ v &V, a„n = 0, 

n <C 0. In other words, the formal series is a formal Laurent series. 

For a higher genus Riemann surface, as we explained in the introduction, the space End (V) [[^, ^~^] ] 

is replaced by End{V) A{P), A{P)~^ , and the formal series a{z) is replaced by a{P) = 

Thnez' ^nAn {P) ■ The new formal series is called a KN field if for any v € V, there exists a number 
N such that a„n = 0 for n < V. 

Recall the derivative on the field a (z) is defined by dz which acts on functions z" directly. Since 
Ve(p) is the extension of dz on any Riemann surface, then the derivative of a KN field a (P) is 
defined according to Lie derivative, that is, Va (P) = Xnez' «nVyl„ (P). 

3.2 KN vertex algebras 

Using the above data, we can give the notation of a KN vertex algebra on a compact Riemann 
surface. 

Definition 13 Suppose Ad is a compact Riemann surface with genus 9, S+ and S- are two dis¬ 
tinguished points in general positions. A Krichever-Novikov vertex algebra (AI, U, S'±, T, |0)) 
(KN vertex algebra) is a eolleetion of data 

1. Space of states: V is a T,—graded vector space (graded by weights) 

^ ® bi, for V GVn,n = «;<{«} 

where dim Vn < oo for n S Z and 14, = 0 for n sufficiently negative; 

2. Vacuum vector: |0) S Vq; 

3. Translation operator: a linear operator T : V ^ V; 
f. KN vertex operators: a linear operation 

Y{-,P) : V End(V)l[A+ (P),A- (P)J] 

taking each a €V to a KN field acting on V, 

Y{a,P)= Y, anAniP), Z' = Z+^. 
nez' 

And these data are subject to the following axioms: 

1. Vacuum axiom: Y (|0),P) = Idy- Furthermore, for any a G V, Y {a,P) |0) has a well-defined 
value at P = S+. When a is a homogeneous element with weight k, then 

Y {a,P)\0)\p^S+ = a mod ^14. 

nOk 

2. Translation axiom: TjO) = 0. For any nonzero spaee 14, there always exists nonzero element 
a in Vn sueh that 

[T,Y{a,P)]=VY ia,P). 

3. Locality axiom: For any a,b G V, there exists a positive integer N sueh that 

Fn{P,Qf[Y{a,P),Y{b,Q)]=0, 
on M X A4, where Eu {P, Q) = (P) — (Q) for any u G Z'. 
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4 KN vertex algebras of generalized Heisenberg algebras 

In this section, we will construct a KN vertex algebras of the generalized Heisenberg algebra on an 
arbitrary compact Riemann surface as an example. Firstly, we recall the definition of the generalized 
Heisenberg algebra ([m-ni]). 

Definition 14 By a generalized Heisenberg algebra A connected with a compact Riemann sur¬ 
face A4 with genus g and a pair of points 5+ and S- in a general position is meant an algebra 
generated by generators An and a central element 1 with relations 

[An: Ani] = ynml; [An: 1] — 0; (8) 

where the numbers ^nm are defined as 

Inm = Res {Am {P) dAn (P)) , (9) 

where An {P) ,n G Z' are the KN basis connected with S+ and S-. 

For g = 0, S± are the points 0 and oo, the Lie brackets |8] become 

— ^^n+m,0; [^n; 1] — 9- 

Hence on a Riemann sphere, the generalized Heisenberg algebra becomes the ordinary Heisenberg 
algebra. 


Now, we construct a representation of the generalized Heisenberg algebra. Note that = 0 
when n,m > |, then we get a commutative subalgera A+ generated by and 1 with n > ^ which 
has a trivial 1-dimensional representation C. Hence the algebra has an induced representation of the 
generalized Heisenberg algebra 

V = Indi^C = u[A) 


Clearly, any element in A can be seen as an endomorphism of V. Let |0) = 1 ® 1. By the Poincare- 
Birkhoff-Witt theorem, V has a PBW basis 


W = i A 


-ji+i 


■•A 


-jn + 


f|0) 


( 10 ) 


and V is a Z—graded vector space by defining the weight of the element A_j^| ■ • • A_j^j_^ |0) in 
the basis as ji -b • • • + jn- Denote the weight of a homogeneous element v by wt {v). 


Remark 15 V is graded only as a vector space, not a representation. In fact, as a representasion, 
V is quasi-graded. 


Define the space of states of KN vertex algebra by V, the translation operator by the actions 

T|0) = 0 and [T, A„] = ^ 


u^Z' 



' dAn {P)'^ ) and KN vertex operators by: 

y(|0),p) 

= Idv 

F(Ai_i|0),p) 

= ^ A„(c^"(P),e(P)) 


nGZ' 

r(A|_„_i|0),p) 




For simplicity, denote F (^A£_i|0),Pj hy A{P) sometimes. For elements as a 

with n > 1, before defining their KN vertex operators, we need to give the notation of normal ordered 

product. 

Now we recall the case in a vertex algebras, the normal ordered product of two fields is defined 


as 


: a (w) b (w) := ReSz=o 


a{z)b{w)iz,w 



b (w) a {z) inj,z 



( 11 ) 


that is. 


: a{w)b{w) :='^n<QanW "■ ^b (z) + b (w) n>QanW 


( 12 ) 


Since ip^Q and are the extensions of * 2 ,u) and iuj,z respectively, the simple and natural way is to 
use some analogous form of EqlTT]to define the normal ordered product. Now, we give the notation 
on a pair of one form and /r—form series with the coefficient in End {V). Let a {Q) = ^ (Q), 

(Q) = X) {Q) 1 where (Q) is a differential form. Define the KN normal ordered product 
of the formal series a {Q) and (Q) as 


: a {Q) bfj, (Q) := Resp^s^ {ip.gSi {P, Q) a (P) (Q) - ig.pS'i {P, Q) b^ {Q) a (P)). (13) 


By direct calcus, we have 

: « (Q) iQ) ■■= Y. 

n<|- 

which is similar to the eauation ll2l Through the normal ordered product is defined only on the pair 
of 1-form and A—form series, it is enough for us. 

For the fields a' (P) = a (P) (e (P)) and b'^ (Q) = b^ {Q) {Q )), we define their normal ordered 

product to be 

: a' (Q) b'^ (Q) :=: a (Q) b^ (Q) : (e^+^ (Q)) (14) 

where (Q) = e (Q)^^ , a (P) (e (P)) means the coupling of 1-form series a (P) and the tangent 
field e (P), that is, J^nez' (^) > e (P)), (Q) (e^ (Q)) and : a (Q) 6^ (Q) : (e^+^ (Q)) have 

the same meaning. Now we can define the KN vertex operators as follows 


F(Al_,, + |_i.-.Al_,„+i_i|0),p) : =F(Al_,,+i_i|0),p)---y(Al_,„+i_i|0),p) : 

: = F (aI_,,+|_i|0),p) • ■ • : F (a1_,„_,+|_i|0), p) F (aI_,„+._i|0), P 

It’s not difficulty to prove the KN vertex operators are KN fields. We make our focus on proving 
the axioms of KN vertex algebra. 

4.1 Vacuum axiom, transation axiom 

The statement VQO) ,P) = ID follows from our definition. The remainder of the vacuum axiom 
follows by induction. We start with the case Ae_^_i |0) with m > 0. Note 

f(4|_,„_i|0),p)|0) = ^V'"f(4|_i|0),p)|0) 

= i E 4„(V™a;Xl^),e(P))|0) 

■n<f-l 

= i E ^»C---CrMc*^“'"(l^),e(P))|0). 

■ n<i-l 
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If ^ Oj then n < | — 1 — mby Lemma[71j3), correspondingly, Um < § — 1 by Lemm£[7| 

(2). Hence the KN vertex operator action on |0) is well defined at P = S+. More precisely, 




-1 ,-Um + f-l 


^-Ml + o(z))|0) 


2 = 0 


= — E 

7Tl\ 2 ^ 


f(a^_„_i|o),p) |0) 


By LemmelT] (2), the sum above is not zero only when n = ^ — 1 — m. Using Lemm£[3 (1), we got 
P=S+ ^ 

Define the level of the element |0) by m. Then for any element of level 

one, we have proved its KN vertex operator satisfies the vacuum axiom. For the higher levels, we 
will prove it by induction as follows. 


Theorem 16 For any element a € V, V (a,P) |0) is well defined at P = 5"+. Moreover, if a is a 
homogeneous element in V with weight m, then Y {a,P) |0)|p=s_^ = a mod 0fc<mI4|O). 


Proof. Assume that it is true for anyelement of level m in the basis W. That is, for any element 
|0) in V with Um > Um-i > • • • > ni > 0, we have 

^ |0) |0)|p=S+ = As_n^_i ■ ■ ■Ae_^^_i |0) +u|0), 

where v G ®k<ni+-+nm+mVk- 

For the element • • • Aa_^^_i |0) with n > Um > • • • > rii > 0, by the definition 

of KN normal ordered product and Proposition [51 we have 


^ -ra^-l ■ ■ ■ ^f-ni-1 1^) ) 

= ^ : V"A (P) y |0), P) : 

= ^ : AkflCul ■ • {P),e{P)) Y • • • A 


f-m-i |0) ,P) : 
(P),e(P)) 


+ ^ Afe 


Ck fill 
Slii Sli2 


(P), e (P)) y (A|_„^_i • • • A|_„^_ 1 10), p) . 


For u„ > |, if fui^u 2 ■ ■ ■ 7^ Oj then by Lemma[7j2), k>Un—n>^ — n. Using the lemma(3), 

we know k should be bigger than |. Then the first sum kills |0), and by our inductive assumption, 
the second sum gives a series with positive powers of z with the constant term 


A, 


ck cui 
Sui S.U2 


S£_l 


n\ 


■ ■ ■ ^f-ni-1 |0) + ' 


If ^ui^ul ■ ■ ■ Caf-i 7 ^ 0; then /c>|—n — Iby Lemmr[7j2), correspondingly, fc>|orfc = | — n — 1 
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by the third part of the lemma. Hence 


y |0) |0)|p=s+ 

^Un-1 

S-lAl SU2 ’ ■ ’ 

n! 

= ■ ■ ■ ^§-ni-l |0) + s ■ • • Hi|0) + V|0)^ , 

k> -I —n 

where -. Here, the last equation is got by Lemm£(7l3). Because weights of homoge- 

nous elements in |0) and Ak (^A^_n^_i ■ ■ ■ |0) + p| 0)^ are smaller than ni + • • • + 

Um + n + m + 1, then 

Y |0) , |0)|p=s_^ 

“ —n—l^f-Wm —1 ' ' ' —m-l I®) '^od (©fc<rti-| |_n„+rt+m+lf4;) |0). 

Hence for any homogenegous element a with level m + 1, the vacuum axiom is satisfied. ■ 




'^Ak j (^A9_^^_i ■ ■ ■ H||0) + n|0)^ 



Now, we prove the translation axiom. 

For |0) e Vb, from r|0) = 0 and H (|0),P) = Idy, we have [T,r (|0),P)] = VF (|0),P). 
For A^_i |0) G Hi, we have 




^ [T,H„](a;'^(P),e(P)) 

n^Z' 

^ {CA^){u;-{P),e{P)) 

n,u^Z' 


^ (Vcc“ (P),e(P)) 

ueZ' 

VA (P), 


(15) 


where the first and second equation are got by the fact [T, H„] = X)«ez' equation 

Vcli“ (P) = (P) respectively. For H_„+a_2|0) G H„+i, from 


T,r(^_„+£_i|o),p) 
and the equation (ITSl) , we get 


l[T,V"H(P)] = lv” [T,H(P)] 

n\ n\ 



Hence, for any Vn with n G there exists an element a in Vn such that 


[P,y(a,P)] = Vr(a,P). 


4.2 Locality axiom 

Recall the state space has a basis 

W = • ■ ■ A!L_n^_i\Q)\ k>0, ni > • • • > Pfe > o|, 
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and the element • • • A9_„^_i|0) in W has level k. 

Note that for any element a'uvW with level fc, Y (a, P) has the form ^ (P) • • • w"'" (P) (e^ (P)) 

If we denote Y (a, P) — (P )''' w"'' (P) i then P (a, P) = Y (a, P) (e^ (P)) . Since for 

arbitrary two elements a, 6 in Vh with level (a) = k, level (b) = k', 


[Y (a, P), r {b, P)] = [y (a, P), f (6, Q)] (e'' (P) 0 


then the locality axiom holds on the generalized Heisenberg KN vertex algebra if the following 
equalities are true 


P^"(P,Q) r(a,P),y(6,Q) 


= 0, Vu e Z', > 0. 


(16) 


In the following, we will prove that for any a,b €W,Y (a, P), Y {b, Q) satisy the condition (fT6)l 
which is also called locality. 

Firstly, we check that (ITSl) holds ioi a = b = A9_i. Since 


Y (H9 _110), p) , f (^9 _i|0), q)] = K, A^] cc" (P) a;™ (Q) = (P) (Q) 


and 


dp A (P, Q) = [dA^ (P)] (Q) = (P) cv^ (Q) = (P) u;™ (Q) 


where = Res (P) (P)), then 

Formula 0 , we have 


f (A|_i|0), p) , y |0), q)] = -dpA (P, Q). By 


Fl (P,g) [y (h 9_i|0),p), y (a^_i|o), q) 

According to Theorem (na) and 


= 0, Vu G y'. 


y (A|_„_i| 0), p), y (A|_„_i|0), q) 


i\nn\ 


^Y (A|_i|0),p) ,V™y (A|_i|0),q) 


_ Yin ^rr. 

I I ^ P^Q 
r\m.\ ^ 


we 


get y (^A|_„_i|0),p) and Y (^A|_„_i|0), q) are local. 


Finally, locality of any two formal series Y (a, P) and Y (&, Q) with a,b G W follows by an 

induction from locality of Y ^A|_„_i|0), P^ and Y ^Aa_„_i|0), using the following theorem. 
Hence the locality of any two fields can be got because IF is a basis of the state space. 

Theorem 17 (Generalized Dong’s Lemma) Let (P) = (P) • • (P) with rrii G Z'. 

Ifa{P) = Enez' (P) > (-P) = Emez' {P) i (P) = E„gz' Cnff” (P) are mutual local, 

then : a (P) (P) : and c.y (P) are mutual local in A4 x A4. 

Proof. By assumption, we may find N so that for all m> N, 


Fu{P,QraiP) b^ (Q) 


(17) 

Fu{P,Qrb^ {P)c^{Q) 

= FuiP,Qrc^iQ)b^iP), 

(18) 

Fu (P, Q)™ a (P) c., (Q) 

= Fu{P,Qrc^{Q)a{P). 

(19) 


We wish to find an integer M such that 


Fu {Q, R)^ : a (Q) b^ {Q) : (P) = P„ (Q, P)" : a (Q) 6^ (Q) : (P). 


dpA{P,Q), 
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By Formula (fT51) , this will follow from the statement 


Fu (Q, Rf [-ip,qSx (P, Q) a (P) (Q) + iQ,pSi {P, Q) [Q) a (P)] (P) (20) 

= P„ (Q, P)“ (P) (-ip.Q^i (P, Q) a (P) b^ (Q) + iQ,pPi (P, g) 6^ (Q) a (P)). 

Let us take M = 3N. Writing P„ (Q, Rf^ = P„ (Q, Rf Y.l^o ^ 2 NFn {Q, Pf P« (P, , we 

see that in the terms in the left hand side of (1^01) with N < k < 2N vanish because 


Fu {Q, pf [-ip,QSi (P, Q) a (P) b^ (Q) + iq,pSi (P, Q) b^ (Q) a (P)] 

Fu {Q, pf-^^+^^ Fu (Q, [-ip,QSi (P, Q) a (P) b^ (Q) + iq^pSi (P, Q) b^ (Q) a (P)] 

Fu {Q, pf-^^+^^ Fu {Q, P) [-zp.q5i (P, Q) + iq,pSi (P, Q)] Pf {Q, P) a (P) b^ (Q) 

Fu (Q, pf-^^+^'> [Fu (Q, P) A (P, Q)] [a (P) 6^ (Q) P„ (Q, P)"^ 

0 , ( 21 ) 


where the last equality is got by the fact A (P, Q) Fu (P, Q) — 0. For the terms with 0 < fc < A, by 
(flTt - HD) , we get 

Fu (Q, Rf Fu (P, Rf [-ip,QSi (P, Q) a (P) 6^ (Q) + zq^pSi (P, Q) 6^ (Q) a (P)] (P) 

= Fu (Q, P)"^ P„ (P, P)'^ (P) [-ip.Q^i (P, Q) a (P) 6^ (Q) + ig.pPi (P, Q) 6^ (Q) a (P)] (22) 

The same phenomena occures on the right side of dsni) : the terms with N < k < 2N will vanish, 
and the other terms give us the same expression as what we now have on the left hand side. Thus 
we have establish o , and hence the theorem. ■ 


4.3 Generalized Heisenberg KN vertex algebras on Riemann spheres 

Recall that on a Riemann sphere, choose P+ = 0 and S- = oo, then A„ (z) = z^,uj^{z) = 
z~'^~^dz, e[z) = -^ with z G C U {oo}. Since 

Tnm — R^SP—S+ (4^1 (z) dAui (. 2 )) 

= —ReSz^o (mz^~^'^~^dz) 

= -mS-^=nS-^, 

then the Generalized Heisenberg algebra on CP^ is generated by An and a central element 1 with 
relations 

=n(5-™l, K,1] = 0, 

which is indeed the structure of the Heisenberg algebra. 

Since e (z) = dz, then '^eiz) is dz when acts on meromorphic functions. Corresponding, the Lie 
derivative on a field a (z) = fuel. ('^) '^e{z)a (z) = o^ndz {An (z)). 

Because Z' = Z + ^ = Z and (w” (z), e (z)) = z“"“^, then the vertex operators are defined as 

y(4_i|0),z) = JfAn(oj^(z),e(z)} = JfAnZ—^ 

y(4_„_i|0),z) = V4„v™(a;"(z),e(z)) 

mi 

n^Z 

= fL i“). --). 

n^Z 
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and 


r |0), z) =: r |0), 0 ) • • • : r |0) , z) Y |0) ,z)::. 

Next, we proceed to consider the form of KN normal ordered product. Since 

y |0), z) = ^ ® ^ = E (r)^" (^) > e (^)> b (z) :, 

then by the definition of KN normal ordered product, for any KN field b (z ), 

: Y {A^rn-i\0) ,z)b{z) : 

= E {-r:)An{co-^"^iz),eiz))biz) + biz) ^ (“J) K+-(^), e (^)) 

n+m<—1 n+m>0 

= E {7:)^nz—"^-^b{z)+b{z) 

n+m< —1 n+m>0 

= Y {A_rn -1 |0) , z)_^_ b{z) + b (z) Y |0) , z)_ , 

For any KN field b (z), where Y (a, z)^ := X]n<o <^nZ~^~^, Y {a, z)_ := X]n>o Clearly the 

KN normal ordered product is same as normal ordered product in the vertex algebra. Hence KN 
vertex operators of the KN vertex algebra on a Riemann sphere are same as in the Heisenberg vertex 
algebra. 

Recall the transition operator T is defined by the actions T |0) = 0 and [T, Am\ = X^nezCm^n- 
Since, on a Riemann sphere, = —Res then T is same as in the vertex 

algebra. 

Hence, the generalized Heisenberg KN vertex algebra on a Riemann sphere is same as the Heisen¬ 
berg vertex algebra. 

Acknowledgement 18 The first author would like to thank Professor Chongying Dong for his 
various kinds of help when she researched in University of California, Santa Cruz. 
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